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Abst rac t - -We provide explicit formulae for the weak solutions of the Canchy problems associated 
with two kinds of 2 x 2 systems of conservation laws, namely, the linearly degenerate system and the 
Keyiitz-Kranzer model. The method used allows us to show easily the existence and uniqueness of 
weak solutions for the Cauchy problem, and impose precisely the hypotheses on the initial data for 
the well-poeedness of the problem. ~) 1998 Elsevier Science Ltd. All rights reserved. 
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1.  INTRODUCTION 
We first study the Cauchy problem for the system of two partial differential equations whose 
characteristic fields are both linearly degenerate. It is well known that with a suitable choice of 
Riema~n invariants w and z such a system can be written as: 
{ Otw+ zOxw =0, 
Otz+wOxz=O, t>0,  xeR,  (1) 
with initial data 
t = 0 : w = w0(x) ,  z = z0(x) ,  z e R. (2) 
A physical example of (1) are the gas dynamics equations with the state law of Von KMrn~n- 
Tsien, i.e., p(p) = _p- l ,  where p and p are, respectively, the density and the pressure of the gas 
[1, p. 10; 2, p. 7]. 
System (1) has been studied by Serre for the oscillatory solutions [3] (see also [4, p. 110-113]), 
and then by E and Kohn for the measure-valued solutions [5]. When the initial data satisfy 
zv0, z0 E L°°(R), inf w0(x) > supz0(x), (3) 
xER xER 
the existence and uniqueness ofsolutions have been established by Chen by using a compensated 
compactness argument [6]. Furthermore, by the characteristic method, Serre [7] has given an 
explicit formula of solutions under hypothesis (3). See also [8] for a more complicated formula of 
the classical solutions. 
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In this paper, we use a change of variables of Wagner's type [9] to deduce the explicit solutions of 
the Canchy problem (1),(2) under hypotheses (4)-(6) below, which are weaker than (3) and similar 
to that used by Serre for the Le Roux system [10]. The formula obtained is simpler than that of 
Serre and defines a global weak solution which is not necessarily bounded. Moreover, the change 
of variables allows us to easily show the existence and uniqueness of weak solutions. Finally, we 
give the explicit solutions of the Keyfitz-Kranzer system [11] by a similar transformation. 
2. THE MAIN RESULTS 
THEOREM 1. Assume 
oo  
~,o, ~ ~/~oc(R), (4) 
0 < ~ < wo(z) - zo(x) < fl < +co, a.e. x ~ R, (5) 
and 
wo (Xo(x + t)) > zo (Xo(x - t)) + ~, a.e. x ~ R, t > o, (6) 
where a,/3, and 7 are positive constants, Xo is the inverse function of 
~0 x 2d ~ 
x , Yo(x) = wo(~)  - zo (~)"  (~') 
Then the Cauchy problem (1),(2) admits a unique global weak solution satis~ing all entropy 
equalities, namely, 
~[a(w)+_.b(z)ot~o+za(w)+wb(z), ,1 ~a(wo)+b(zo) 
+ - w -- z crx~] (t, x) dx dt + wo - zo qo(O, x) dx = 0 (8) 
holds for any continuous functions a, b, and any test function qo of class CI(R + xR) with compact 
support. Moreover, this solution is given explicitly by 
w(t ,x )=wo(Xo(Y( t , z )+t ) ) ,  z ( t ,x )=zo(Xo(Y( t ,x ) - t ) ) ,  t>o ,  xeR,  (9) 
where Y is the inverse function of 
1[  z+t 1[  x-t 
x , x ( t ,x )  = ~ Jo wo(Xo(~))d~-  ~ Jo zo(Xo(~))d~. (10) ! 
Formula (9) shows that the solution of the Cauchy problem has the same regularity as initial 
data. In particular, ifwo, zo e CI(R), then w, z ~ CI(R + x R). In the case where x --+ X(t ,x)  
is not a Cl-diffeomorphism for some time to > 0, the classical solutions are only defined locally 
in the time interval [0, tl [, with tl < to. Thus, we obtain the following corollary. 
COROLLARY. Assume 
w0, z0 ~ CI(R), 0 < a < Wo(Z) - zo(x) </3 < +co, Vx e R. 
Then the Cauchy problem (1),(2) admits a unique global solution of class CI (R + x R) ffand on/y 
if 
wo(Xo(x + t)) > zo(Xo(x - t)), vx  e R, Vt  > O. 
This solution is given by the formula (9). | 
Condition (5) implies that Yo is Lipschitzian and strictly increasing from R to R. Therefore, 
X0 is also Lipschitzian and strictly increasing from R to R. Similarly, by hypotheses (4) and (6), 
the function (t, x) , X(t, x) is continuous, locally Lipschitzian on R + x R, and x ~ X(t, x) 
is strictly increasing from R to R for any t > 0. This ensures the existence and uniqueness of the 
function Y, which is at least continuous and locally Lipschitzian on R + x R. 
Since w0, z0 E Llo°°e(R), (9) allows us to define a global solution which is not necessarily 
bounded. It is evident hat (4)-(6) are weaker than (3). It turns out that ff (6) does not hold, 
there are functions atisfying (8) for some functions a and b, but not for all a and b. We refer 
to [12] and [2, p. 25-26] for this study. 
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3. THE PROOF OF  THEOREM 1 
We give an abridged proof of Theorem 1. For the classical solutions, (1),(2) are equivalent 
to (8). Since system (1) is linearly degenerate, the formulation (8) provides a natural definition 
of the weak solutions of the problem. This formulation can be interpreted as (2) and 
(a(w)+b(z)~ (za(w)+wb(z) 
Or\ -~-~_ z /+0x\  w- -z  )=0,  (11) 
in the sense of distributions for all continuous functions a and b. Let a(w) = b(z) _= 1. We get 
o~ ~ +o~ =0. \w-z /  
This allows us to introduce an application (t, x) ~ (t', y), y = Y(t, x), defined by 
2 w+z dy = - -  dx - ~ dr, Y(O, x) = Yo(x). (12) 
¢O--Z W- -Z  
We denote 
Then from (12), we have 
w(o ,  y) = wo (Xo(y)) := Wo(y), 
w (t', u) = w(t, z), z (t', y) = z(t, z). 
z(0,y)  = zo (x0(y)) := Zo(y). 
We deduce that for any test function qo of class CI(R + x R) with compact support, 
o= f~+ f aw(~W)z (Otcp+ zOxcp) dxdt 
l fa  ~a(W)(Ot,~ 0 W+Z 2Z ) = ~ + ~- -5o~v + ~---:--2o~v dyer' 
l fa fKa(W)(Ot'~ o Ov~o) dydt', 2 + 
so that 
Similarly, we have 
Therefore, 
Ot, a(W) - O~a(W) = O, 
Ot, b(Z) + O~b(Z) = O, 
(13) 
(14) 
We determine now the function y = Y(t, x) introduced in (12). We have 
- W+Zdt  dx = W.._.._~Z dy + 
2 2 
= woCXoCy + t))  - zo (xoCy - t))  dy + wo (Xo(y + t)) + zo (XoCy - t)) dr. 
2 2 
This relation defines a unique function x = X(t, y) satisfying X(O, y) = Xo(y). A straightforward 
calculus gives (10). 
Now it is clear that the functions (w, z) given by (9) define a global weak solution of the 
Cauchy problem (1),(2). The uniqueness and the equalities of entropy (8) are the consequence 
of the linear system (15),(16), which is equivalent to (11). 
w(t ,  z)  = Wo(y  + t) = wo(Xo(y  + t)), z(t,  z )  = Zo(y - t) = zo(X0(y - 0)- 
in V' (R~ × R~) . (15) 
in v '  (I¢~ × R~) . (16) 
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4. EXPL IC IT  SOLUTIONS FOR THE 
KEYF ITZ-KRANZER MODEL 
Together with the Lax formula for the scalar conservation law [13], the above argument of 
transformation can also be applied to a simplified Keyfitz-Kranzer model: 
{ O~u + Ox(u¢(r)) = o, t > o, z • R, 
(17) 
t = 0 : u = uo(x), 
where u = (ul,u2) t, r = ~ .  Suppose (re(r))"  > 0, V r > 0. Then the system has one 
contact field and one genuinely nonlinear field. Let us define 
f vo(x) = r0(~)d~, Oo(x) = arctan u2o(x) 7r ul0(x)' 100(x)l < ~, z • R. 
Then with  the  help of  the  t rans format ion  
t' = t, dy = r dx - re(r) dr, y(O, ~) = vo(z), 
we have the following theorem. 
THEOREM 2. Assume u0 • (L°°(R)) 2, ro(x) > ~ > O. Then the Cauchy problem (17) has a 
unique entropic solution satisfying the entropy equality for one family of entropies: 
Ot(ra(O)) + Ox(r¢(r)a(8)) = O, in / ) ' (R  + x R), 
with any continuous function a. Moreover, this solution is given explicitly by 
Ul = r cos 8, u2 = r sin 8, 
8(t ,x)  = 8o(Xo(v(t ,x))) ,  r ( t ,x )  = Oxv(t,x), t > 0, z • R,  
with 
yER ~, 
where X0 is the inverse function of Vo, .f* is the conjugate function of r - ,  re(r). 
(18) 
| 
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